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Abstrat
This paper surveys the results of reent ollaborations with Eri
Derbez and with Takashi Hara, whih show that integrated super-
Brownian exursion (ISE) arises as the saling limit of both lattie
trees and the inipient innite perolation luster, in high dimen-
sions. A potential extension to oriented perolation is also men-
tioned.
1 Introdution
This paper onerns lattie trees and perolation on Z
d
. >From the point
of view of statistial mehanis, one of the fundamental problems in the
study of these models is the onstrution and analysis of the saling limit,
in whih the lattie spaing goes to zero. Control of the saling limit is
losely related to ontrol of the model's ritial exponents. General features
of the saling limit are beginning to emerge [?, ?℄, but muh work remains
to be done. In partiular, there is still no proof of the existene of a single
ritial exponent for either model in low dimensions.
However, in high dimensions, there has been reent progress for both
models. This progress has relied on the fat that the saling limits in
high dimensions turn out to involve integrated super-Brownian exursion
(ISE), a lose relative of super-Brownian motion (SBM). SBM is a funda-
mental example of a measure-valued proess, a lass of objets that has
been intensively studied in the probability literature [?, ?, ?℄.
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2 SBM and ISE
We will not give a preise mathematial denition of super-Brownian mo-
tion here. Our goal in this setion is to introdue the key funtions asso-
iated with ISE that will appear in the results for lattie trees and per-
olation. A more detailed desription of SBM an be found in the artile
by Cox, Durrett and Perkins in this volume [?℄, whih desribes how SBM
arises as the saling limit also for the voter model and the ontat proess.
SBM an be onstruted as an appropriate saling limit of a ritial
branhing random walk on Z
d
, originating from a single initial partile,
in the limit as the lattie spaing is shrunk to zero. Suh a onstrution
is desribed in [?℄, and denes SBM as a remarkable Markov proess in
whih the state at any partiular time is a random nite measure on R
d
representing the mass density of partiles present at that time. The proess
dies out in nite time. The entire family tree of SBM is a random nite
measure on R
d
and is referred to as the historial proess. For dimensions
d  4, it is almost surely supported on a subset of R
d
having Hausdor
dimension 4 [?, ?℄.
The mean measure of SBM at time t, whih represents the mass density
at time t averaged over all family trees, is a deterministi measure that is
absolutely ontinuous with respet to Lebesgue measure in all dimensions
d  1. In fat, it is the probability measure on R
d
with density
p
t
(x) =
1
(2t)
d=2
e
 x
2
=2t
: (2.1)
This density is the transition density for Brownian motion in R
d
to travel
from 0 to x in time t.
ISE is the random measure on R
d
obtained by onditioning the his-
torial proess to be a probability measure on R
d
. Alternately, it an be
onstruted from ritial branhing random walk on n
 1=4
Z
d
, starting from
a single partile and onditional on a xed size n for the total size of the
initial partile's family tree up to extintion, in the limit n ! 1. The
law of ISE is a probability measure 
ISE
on the spae M
1
(R
d
) onsisting
of probability measures on R
d
and equipped with the topology of weak
onvergene. The mean of 
ISE
is a deterministi probability measure on
R
d
, whih orresponds to averaging over all family trees resulting from the
initial partile, under the basi unit mass ondition required by ISE. Dene
a
(2)
(x; t) = te
 t
2
=2
p
t
(x): (2.2)
The mean ISE measure is absolutely ontinuous with respet to Lebesgue
measure in all dimensions d  1. Its density with respet to Lebesgue
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Figure 1: The shapes for m = 2; 3; 4, and examples of the 7!! = 753 = 105
shapes for m = 6. The shapes' edge labellings are arbitrary but xed.
measure is the funtion
A
(2)
(x) =
Z
1
0
a
(2)
(x; t)dt =
Z
1
0
te
 t
2
=2
p
t
(x)dt: (2.3)
The funtions (??) and (??) are ISE two-point funtions. A disussion
of higher point funtions requires the notion of shape, whih is dened as
follows. We start with an m-skeleton, whih is a tree having m unlabelled
external verties of degree 1 and m 2 unlabelled internal verties of degree
3, and no other verties. An m-shape is a tree having m labelled external
verties of degree 1 and m  2 unlabelled internal verties of degree 3, and
no other verties, i.e., an m-shape is a labelling of an m-skeleton's external
verties by the labels 0; 1; : : : ;m 1. When m is lear from the ontext, we
will refer to an m-shape simply as a shape. For notational onveniene, we
assoiate to eah m-shape an arbitrary labelling of its 2m  3 edges, with
labels 1; : : : ; 2m   3. This arbitrary hoie of edge labelling is xed one
and for all. Thus an m-shape  is a labelling of an m-skeleton's external
verties together with a orresponding speiation of edge labels. Let 
m
denote the set of m-shapes. There is a unique shape for m = 2 and m = 3,
and (2m   5)!! distint shapes for m  4 (see [?, (5.96)℄ for a proof). In
this notation, ( 1)!! = 1 and (2j + 1)!! = (2j + 1)(2j   1)!! for j  0.
Let m  2. Given a shape  2 
m
, we assoiate to edge j (oriented
away from vertex 0) a nonnegative real number t
j
and a vetor y
j
in R
d
.
Writing ~y = (y
1
; : : : ; y
2m 3
) and
~
t = (t
1
; : : : ; t
2m 3
), we dene
a
(m)
(; ~y;
~
t) =
 
2m 3
X
i=1
t
i
!
e
 (
P
2m 3
i=1
t
i
)
2
=2
2m 3
Y
i=1
p
t
i
(y
i
) (2.4)
and
A
(m)
(; ~y) =
Z
1
0
dt
1
  
Z
1
0
dt
2m 3
a
(m)
(; ~y;
~
t): (2.5)
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Then
R
R
d(2m 3)
A
(m)
(; ~y)d~y = 1=(2m  5)!!, so the sum of this integral over
shapes  2 
m
is equal to 1. Let
~
k  ~y =
P
2m 3
j=1
k
j
 y
j
, with eah k
j
2 R
d
.
The Fourier integral transform
^
A
(m)
(;
~
k) =
R
R
d(2m 3)
A
(m)
(; ~y)e
i
~
k~y
d~y is
given by
^
A
(m)
(;
~
k) =
Z
1
0
dt
1
  
Z
1
0
dt
2m 3
^a
(m)
(;
~
k;
~
t); (2.6)
with
^a
(m)
(;
~
k;
~
t) =
 
2m 3
X
i=1
t
i
!
e
 (
P
2m 3
i=1
t
i
)
2
=2
2m 3
Y
i=1
e
 k
2
i
t
i
=2
: (2.7)
The l
th
moment measureM
(l)
for ISE an be written in terms of A
(l+1)
,
for l  1. This is a deterministi measure whih is absolutely ontinu-
ous with respet to Lebesgue measure on R
dl
. The rst moment measure
M
(1)
has density A
(2)
(x). The seond moment measure M
(2)
has density
R
A
(3)
(y; x
1
 y; x
2
 y)d
d
y. In general, the density of M
(l)
at x
1
; : : : ; x
l
, for
l  3, is given by integrating A
(l+1)
(; ~y) over R
d(l 1)
and then summing
over the (2l   3)!! shapes . Here ~y onsists of integration variables y
j
orresponding to the edges j on paths from vertex 0 to verties of degree
3 in , and the other y
a
are xed by the requirement that eah external
vertex x
i
is given by the sum of the y
e
over the edges e onneting verties
0 and i in . Thus, the integration orresponds to integrating over the l 1
internal verties, with the l+ 1 external verties xed at 0; x
1
; : : : ; x
l
. For
example, the ontribution to the density of M
(3)
due to 
1
of Figure ?? is
R
A
(4)
(
1
; y
1
; x
1
  y
1
; y
3
; x
2
  y
1
  y
3
; x
3
  y
1
  y
3
)d
d
y
1
d
d
y
3
.
ISE and the funtions (??) and (??) are further disussed in [?℄ (see
also [?, ?, ?℄). A onstrution of ISE as the saling limit of branhing
random walk onditioned on the total size of the family tree, inluding a
derivation of these funtions, is given in [?℄.
3 Generating funtions
For our appliations to lattie trees and perolation, it will be essential
to understand that the Fourier integral transforms of a
(m)
and A
(m)
, m =
2; 3; 4; : : :, our in the asymptoti behaviour of ertain generating funtion
oeÆients. This onnetion between ISE and generating funtions was
pointed out in [?℄.
The relevant generating funtions are dened as follows. For k 2 R
d
,
Lattie trees, perolation and super-Brownian motion 5
dene C
(2)
z;
(k) and 
(2)
n;s
(k) by
C
(2)
z;
(k) =
2
k
2
+ 2
3=2
p
1  z + 2(1   )
=
1
X
s;n=0

(2)
n;s
(k)z
n

s
; jj; jzj < 1;
(3.1)
where the square root has branh ut [1;1) and is positive for real z < 1.
Form  2, given a shape  2 
m
, to edge j we assoiate k
j
2 R
d
and 
j
2 C ,
with j
j
j < 1. We write
~
k = (k
1
; : : : ; k
2m 3
) and
~
 = (
1
; : : : ; 
2m 3
), and
dene
C
(m)
z;
~

(;
~
k) =
2m 3
Y
j=1
C
(2)
z;
j
(k
j
) =
1
X
s
1
;:::;s
2m 3
=0
1
X
n=0

(m)
n;~s
(;
~
k)z
n
2m 3
Y
j=1

s
j
j
: (3.2)
We write b
(m)
~s
(;
~
k) =
P
1
n=0

(m)
n;~s
(;
~
k) for the oeÆient of
Q
2m 3
j=1

s
j
j
in
C
(m)
1;
~

(;
~
k). Writing
~
1 = (1; : : : ; 1), we denote the oeÆient of z
n
in
C
(m)
z;
~
1
(;
~
k) by 
(m)
n
(;
~
k) =
P
1
s
1
;:::;s
2m 3
=0

(m)
n;~s
(;
~
k).
The oeÆients b
(m)
~s
(;
~
k) are easily identied from the fat that C
(2)
1;
(k)
is the sum of a geometri series in , namely
C
(2)
1;
(k) =
2
k
2
+ 2(1   )
=
1
X
s=0
1
(1 + k
2
=2)
s+1

s
: (3.3)
Therefore b
(m)
~s
(;
~
k) =
Q
2m 3
j=1
(1+ k
2
j
=2)
 (s
j
+1)
. For t
j
2 [0;1), the Fourier
transform of the Brownian transition density (??) then emerges as the
m = 2 ase of the limit
lim
n!1
b
(m)
b
~
tn
(;
~
kn
 1=2
) =
2m 3
Y
j=1
e
 k
2
j
t
j
=2
: (3.4)
Here b
~
tn denotes the vetor with omponents bt
j
n.
For the ISE m-point funtion (??), we onsider the generating funtion
C
(m)
z;
~
1
(;
~
k) =
Q
2m 3
j=1
2(k
2
j
+ 2
3=2
p
1  z)
 1
. By Cauhy's theorem,

(m)
n
(;
~
k) =
1
2i
I
 
C
(m)
z;
~
1
(;
~
k)
dz
z
n+1
; (3.5)
where   is a irle entred at the origin with radius less than 1. By de-
forming the ontour to the branh ut [1;1) of the square root, it an be
shown that for any m  2, k 2 R
d
,

(m)
n
(;
~
kn
 1=4
) 
1
p
2
n
m 5=2
^
A
(m)
(;
~
k) (3.6)
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as n ! 1. Here f(n)  g(n) denotes lim
n!1
f(n)=g(n) = 1. A proof of
(??) is given in the proof of Theorem 1.1 of [?℄.
The funtions ^a
(m)
(;
~
k;
~
t) arise from an appropriate joint limit of the
oeÆients 
(m)
n;~s
(;
~
k). Namely, for m  2,

(m)
n;b
~
tn
1=2

(;
~
kn
 1=4
) 
1
p
2
1
n
^a
(m)
(;
~
k;
~
t) (3.7)
as n!1. A proof is given in the proof of Theorem 1.2 of [?℄.
One might wonder at this point what any of this has to do with lattie
trees or perolation. The onnetion is that some of these models' key
thermodynami funtions have the form of the above generating funtions
in high dimensions, and this links them to ISE.
4 Lattie trees
A lattie tree in Z
d
is a nite onneted set of lattie bonds ontaining no
yles. For the nearest-neighbour model, the bonds are nearest-neighbour
bonds fx; yg, x; y 2 Z
d
, kx   yk
1
= 1. We will also onsider \spread-out"
lattie trees onstruted from bonds fx; yg with 0 < kx  yk
1
 L. The
parameter L will later be taken to be large but nite. We assoiate the
uniform probability measure to the set of all n-bond lattie trees whih
ontain the origin.
In this setion, we will desribe results showing that in high dimensions
the saling limit of lattie trees of size n, with spae saled by a multiple of
n
 1=4
, is ISE. Thus lattie trees in high dimensions behave like branhing
random walk.
We dene the one-point funtion t
(1)
n
to be the number of n-bond lattie
trees ontaining the origin, with t
(1)
0
= 1. By a subadditivity argument,
there is a positive onstant z

(depending on d, and on L for the spread-out
model) suh that lim
n!1
[t
(1)
n
℄
1=n
= z
 1

.
Next, we would like to dene the higher-point funtions t
(m)
n
(; ~y;~s),
for m  2. These funtions ount lattie trees with a ertain property.
To desribe this, we need some denitions. Let  2 
m
, and assoiated
to eah edge j in , let y
j
2 Z
d
and let s
j
be a nonnegative integer (j =
1; : : : ; 2m 3). First, we introdue the notion of bakbone. Given a lattie
tree T ontaining the sites 0; x
1
; : : : ; x
m 1
, we dene the bakbone B of
(T ; 0; x
1
; : : : ; x
m 1
) to be the subtree of T spanning 0; x
1
; : : : ; x
m 1
. There
is an indued labelling of the external verties of the bakbone, in whih
vertex x
l
is labelled l. Ignoring verties of degree 2 in B, this bakbone
is equivalent to a shape 
B
or to its modiation by ontration of one
Lattie trees, per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Figure 2: A 2-dimensional lattie tree ontributing to t
(4)
78
(
1
; ~y;~s), with

1
depited in Figure ??, ~y = ((2; 1); (0; 2); (4; 1); ( 1; 3); (2; 2)),
~s = (3; 2; 5; 4; 4).
or more edges to a point. (In the latter ase, as we will disuss further
in Appendix ??, the hoie of 
B
may not be unique.) Next, we need a
notion of ompatibility. Restoring verties of degree 2 in B, let b
j
denote
the length of the bakbone path orresponding to edge j of 
B
, with b
j
= 0
for any ontrated edge. We say that (T ; 0; x
1
; : : : ; x
m 1
) is ompatible
with (; ~y;~s) if 
B
an be hosen (when not uniquely determined) suh
that 
B
= , if b
j
= s
j
for all edges j of , and if the bakbone path
orresponding to j undergoes the displaement y
j
for all edges j of .
Then we dene t
(m)
n
(; ~y;~s) to be the number of n-bond lattie trees T ,
ontaining the origin, for whih there are sites x
1
; : : : ; x
m 1
2 T suh that
(T ; 0; x
1
; : : : ; x
m 1
) is ompatible with (; ~y;~s). See Figure ??. We also
dene
t
(m)
n
(; ~y) =
X
~s
t
(m)
n
(; ~y;~s); (4.1)
where the sum over ~s denotes a sum over the nonnegative integers s
j
. We
will make use of Fourier transforms with respet to the ~y variables, for
example,
^
t
(m)
n
(;
~
k) =
X
~y
t
(m)
n
(; ~y)e
i
~
k~y
; k
j
2 [ ; ℄
d
: (4.2)
For m = 2; 3 there is only one shape and we will sometimes omit it from
the notation.
Dene
G
(m)
z;
~

(; ~y) =
1
X
n=0
X
~s
t
(m)
n
(; ~y;~s)z
n
2m 3
Y
j=1

s
j
j
: (4.3)
The sum over ~y 2 R
d(2m 3)
of (??) is nite for jzj < z

and j
j
j  1, for all
m.
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In terms of ritial exponents, the Fourier transform of the two-point
funtion G
(2)
z;1
(y) is believed to behave asymptotially as
^
G
(2)
z

;1
(k) 

1
k
2 
as k ! 0;
^
G
(2)
z;1
(0) 

2
(1   z=z

)

as z ! z

; (4.4)
with the mean-eld values  = 0 and  =
1
2
for d > 8. For d > 8, the
simplest ombination of the two asymptoti relations in (??) that ould be
hoped for is
^
G
(2)
z;1
(k) =
C
1
D
2
1
k
2
+ 2
3=2
(1   z=z

)
1=2
+ error; (4.5)
where C
1
and D
1
are positive onstants depending on d and L. The error
term is meant to be of lower order than the main term, in some suitable
sense, as k ! 0 and z ! z

.
An optimist expeting to nd ISE and familiar with (??) and (??) ould
also hope that, for d > 8,
^
G
(2)
z;
(k) =
C
1
D
2
1
k
2
+ 2
3=2
(1  z=z

)
1=2
+ 2T
1
(1   )
+ error; (4.6)
and that there is an approximate independene of the form
^
G
(m)
z;
~

(;
~
k) = v
m 2
1
2m 3
Y
j=1
^
G
(2)
z;
j
(k
j
) + error: (4.7)
Here v
1
is a nite positive onstant whih translates the self-avoidane in-
terations of lattie trees into a renormalized vertex fator. For the nearest-
neighbour model with d suÆiently large, and for spread-out models for
d > 8 with L suÆiently large, relations of the form (??) and (??) are
proved in [?℄, for all m  2 if
~
 =
~
1 and for m = 2; 3 for general
~
. The
results given below arise as a onsequene.
We dene
p
(m)
n
(; ~y) =
t
(m)
n
(; ~y)
P
2
m
^
t
(m)
n
(;
~
0)
; (4.8)
whih is a probability measure on 
m
 Z
d(2m 3)
. The following theo-
rem, whose proof extends the methods of [?, ?℄, shows that (??) has the
orresponding ISE density as its saling limit in high dimensions. In its
statement, the saling of
~
k by D
 1
1
n
 1=4
orresponds to saling down the
lattie spaing by D
 1
1
n
 1=4
.
Lattie trees, perolation and super-Brownian motion 9
Theorem 1 [?, ?℄ Let m  2 and k
j
2 R
d
(j = 1; : : : ; 2m   3). For
nearest-neighbour lattie trees in suÆiently high dimensions d  d
0
, and
for spread-out lattie trees with d > 8 and L suÆiently large depending on
d, there are onstants 
1
, D
1
depending on d and L, suh that
^
t
(m)
n
(;
~
kD
 1
1
n
 1=4
)  
1
n
m 5=2
z
 n

^
A
(m)
(;
~
k) (n!1): (4.9)
In partiular,
lim
n!1
^p
(m)
n
(;
~
kD
 1
1
n
 1=4
) =
^
A
(m)
(;
~
k):
It is a orollary of Theorem ?? that high-dimensional lattie trees on-
verge weakly to ISE, as we now explain. Given an n-bond lattie tree T
ontaining the origin, we dene 
T
n
to be the probability measure on R
d
whih assigns mass (n + 1)
 1
to the eah of the n + 1 points xD
 1
1
n
 1=4
,
for x 2 T . Let M
1
(R
d
) be the spae of probability measures on R
d
. We
then dene a probability measure 
n
on M
1
(R
d
), supported on the 
T
n
, by

n
(
T
n
) = (t
(1)
n
)
 1
for eah n-bond T ontaining 0. In this way, n-bond
lattie trees indue a random probability measure on R
d
. Let
_
R
d
denote
the one-point ompatiation of R
d
, and let M
1
(
_
R
d
) denote the ompat
set of probability measures on
_
R
d
, under the topology of weak onvergene.
We regard M
1
(R
d
) as embedded in M
1
(
_
R
d
).
Corollary 2 For nearest-neighbour lattie trees in suÆiently high dimen-
sions d  d
0
, and for spread-out lattie trees with d > 8 and L suÆiently
large, 
n
onverges weakly to 
ISE
, as measures on M
1
(
_
R
d
).
The weak onvergene in Corollary ?? is the assertion that for any
ontinuous funtion F on M
1
(
_
R
d
),
lim
n!1
Z
M
1
(
_
R
d
)
F ()d
n
() =
Z
M
1
(
_
R
d
)
F ()d
ISE
(): (4.10)
The argument leading from Theorem ?? to Corollary ?? is presented in
Appendix ??.
For a more rened statement than Theorem ??, we dene
p
(m)
n
(; ~y;~s) =
t
(m)
n
(; ~y;~s)
P
2
m
^
t
(m)
n
(;
~
0)
; (4.11)
whih is a probability measure on 
m
Z
d(2m 3)
Z
2m 3
+
.
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Theorem 3 [?, ?℄ Let m = 2 or m = 3, k
j
2 R
d
, and t
j
2 (0;1)
(j = 1; : : : ; 2m   3). For nearest-neighbour lattie trees in suÆiently
high dimensions d  d
0
, and for spread-out lattie trees with d > 8 and
L suÆiently large depending on d, there is a onstant T
1
depending on d
and L, suh that
^
t
(m)
n
(;
~
kD
 1
1
n
 1=4
; b
~
t T
1
n
1=2
)  
1
T
 (2m 3)
1
n
 1
z
 n

^a
(m)
(;
~
k;
~
t) (n!1):
In partiular,
lim
n!1
(T
1
n
1=2
)
2m 3
^p
(m)
n
(;
~
kD
 1
1
n
 1=4
; b
~
t T
1
n
1=2
) = ^a
(m)
(;
~
k;
~
t): (4.12)
We believe that Theorem ?? holds for all m  2, but tehnial diÆul-
ties arise for m  4 and the theorem has been proved only for m = 2 and
m = 3. Theorem ?? indiates that, at least for m = 2 and m = 3, skeleton
paths with length of order n
1=2
are typial. This is Brownian saling, sine
distane is saled as n
1=4
. The statement of Theorem ?? for m = 3 in [11,
12℄ inorretly inluded the ase where t
j
= 0 for one or two values of j,
for whih dierent onstants our, in fat, in the asymptoti formula for
^
t
(3)
n
(;
~
kD
 1
1
n
 1=4
; b
~
t T
1
n
1=2
).
We expet that the above results for lattie trees should apply also to
lattie animals for d > 8, yielding ISE for their saling limit for d > 8.
This would be onsistent with the general belief that lattie trees and
lattie animals have the same saling properties in all dimensions.
5 Perolation
Consider independent Bernoulli bond perolation on Z
d
, either nearest-
neighbour or spread-out, with p xed and equal to its ritial value p

[?℄.
Bonds are pairs fx; yg of sites in Z
d
, with kx   yk
1
= 1 for the nearest-
neighbour model and 0 < kx   yk
1
 L for the spread-out model. Let
C(0) denote the random set of sites onneted to 0, let jC(0)j denote the
ardinality of C(0), and let

(2)
(x;n) = P
p

(C(0) 3 x; jC(0)j = n) (5.1)
denote the probability at the ritial point that the origin is onneted to
x via a luster ontaining n sites. We dene a generating funtion

(2)
z
(x) =
1
X
n=1

(2)
(x;n)z
n
; (5.2)
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olation and super-Brownian motion 11
whih onverges absolutely if jzj  1. Assuming no innite luster at p

,

(2)
1
(x) is the probability that 0 is onneted to x.
The onventional denitions [?, Setion 7.1℄ of the ritial exponents 
and Æ suggest that
^
(2)
1
(k) 

1
k
2 
as k ! 0; ^
(2)
z
(0) 

2
(1  z)
1 1=Æ
as z ! 1; (5.3)
but there is still no proof of existene of these exponents exept in high
dimensions. Assuming the mean-eld values  = 0 and Æ = 2 above six
dimensions, the simplest ombination of the above asymptoti relations for
d > 6 would be
^
(2)
z
(k) =
C
2
D
2
2
k
2
+ 2
3=2
(1  z)
1=2
+ error; (5.4)
for some onstants C
2
, D
2
. This is analogous to (??). The following theo-
rem shows that this behaviour is what does our for suÆiently spread-out
perolation above six dimensions.
Theorem 4 [?, ?℄ Let k 2 [ ; ℄
d
, z 2 [0; 1). For spread-out perolation
with d > 6 and L suÆiently large, there are funtions 
1
(z) and 
2
(k) with
lim
z!1

1
(z) = lim
k!0

2
(k) = 0, and onstants C
2
and D
2
depending on d
and L, suh that
^
(2)
z
(k) =
C
2
D
2
2
k
2
+ 2
3=2
(1  z)
1=2
[1 + (z; k)℄ (5.5)
with j(z; k)j  
1
(z) + 
2
(k).
In view of (??), Theorem ?? is highly suggestive that ISE ours as a
saling limit for perolation, but the ontrol of the error term in (??) is
too weak to obtain bounds on ^
(2)
(kD
 1
2
n
 1=4
;n) via ontour integration.
However, for the nearest-neighbour model in suÆiently high dimensions,
better ontrol of the error terms has been obtained, for omplex z with
jzj < 1, leading to the following theorem. The theorem also gives a result
for the three-point funtion

(3)
(x; y;n) = P
p

(x; y 2 C(0); jC(0)j = n); (5.6)
in terms of its Fourier transform
^
(3)
(k; l;n) =
X
x;y2Z
d

(3)
(x; y;n)e
ikx+ily
: (5.7)
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Theorem 5 [?, ?℄ Fix k; l 2 R
d
and any  2 (0;
1
2
). There is a d
0
suh that
for nearest-neighbour perolation with d  d
0
, there are onstants C
2
;D
2
(depending on d) suh that as n!1
^
(2)
(kD
 1
2
n
 1=4
;n) =
C
2
p
8n
^
A
(2)
(k)[1 +O(n
 
)℄; (5.8)
^
(3)
(kD
 1
2
n
 1=4
; lD
 1
2
n
 1=4
;n) =
C
2
p
8
n
1=2
^
A
(3)
(k + l; k; l)[1 +O(n
 
)℄:
(5.9)
It follows from (??) that
P
p

(jC(0)j = n) = n
 1
^
(2)
(0;n) = C
2
(8)
 1=2
n
 3=2
[1 +O(n
 
)℄: (5.10)
This shows that the ritial exponent Æ, dened by P
p

(jC(0)j = n) 
n
 1 1=Æ
, is given by Æ = 2 in high dimensions.
The variables in (??) are arranged shematially as:
0 x .
y
k+l
l
k
To obtain (??), we work with the generating funtion
^
(3)
z
(k; l) =
1
X
n=1

(3)
(k; l;n)z
n
; (5.11)
and prove that there is a positive onstant v
2
suh that
^
(3)
z
(k; l) = v
2
^
(2)
z
(k + l)^
(2)
z
(k)^
(2)
z
(l) + error. (5.12)
An asymptoti relation in the spirit of (??), with k = l = 0, was onje-
tured for d > 6 already in [?℄.
We expet that Theorem ?? should extend to general m-point fun-
tions, for all m  2, but this has not been proven. This is essentially the
onjeture of [?℄ that the saling limit of the inipient innite luster is ISE
for d > 6. We now disuss this onjeture in more detail.
Given a site lattie animal S ontaining n sites, one of whih is the
origin, dene the probability measure 
S
n
2 M
1
(R
d
) to assign mass n
 1
to
xD
 1
2
n
 1=4
, for eah x 2 S. We dene 
n
to be the probability measure
on M
1
(R
d
) whih assigns probability P
p

(C(0) = S j jC(0)j = n) to 
S
n
, for
eah S as above. We regard the limit of 
n
, as n ! 1, as the saling
limit of the inipient innite luster. This is related to one of Kesten's
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denitions of the inipient innite luster [?℄, but here we are taking the
lattie spaing to zero as n ! 1. The onjeture of [?℄ is that, as in
Corollary ?? above, 
n
onverges weakly to 
ISE
for d > 6.
The onjeture is supported by Theorem ??. In fat, the harateristi
funtions
^
N
(1)
n
(k) and
^
N
(2)
n
(k; l) of the rst and seond moment measures
N
(1)
n
and N
(2)
n
of 
n
are given by
^
N
(1)
n
(k) =
^
(2)
(kD
 1
2
n
 1=4
;n)
^
(2)
(0;n)
; (5.13)
^
N
(2)
n
(k; l) =
^
(3)
(kD
 1
2
n
 1=4
; lD
 1
2
n
 1=4
;n)
^
(3)
(0; 0;n)
; (5.14)
and in high dimensions these onverge respetively to the harateristi
funtions
^
A
(2)
(k) and
^
A
(3)
(k + l; k; l) of the orresponding ISE moments,
by Theorem ??.
6 Oriented perolation
Consider independent oriented perolation on Z
d
Z
+
. Bonds are direted
and are of the form ((x; n); (y; n+ 1)), with x; y 2 Z
d
obeying kx  yk
1
=
1 for the nearest-neighbour model and obeying 0 < kx   yk
1
 L for
the spread-out model. Bonds are oupied with probability p. We write
(x;m)! (y; n) if there is an oriented path from (x;m) to (y; n) onsisting
of oupied bonds, and dene C(x;m) = f(y; n) : (x;m)! (y; n)g. Let

(2)
((x; n);N) = P
p

(C(0; 0) 3 (x; n); jC(0; 0)j = N) (6.1)
denote the probability at the oriented perolation ritial point that (0; 0)
is onneted to (x; n) via a luster ontaining N sites. We denote the
Fourier transform with respet to x by
^
(2)
((k; n);N) =
X
x2Z
d

(2)
((x; n);N)e
ikx
; k 2 [ ; ℄
d
; (6.2)
and dene
^
(2)
z;
(k) =
1
X
N=1
1
X
n=0
^
(2)
((k; n);N)z
N

n
; jzj; jj < 1: (6.3)
The symmetry under x !  x is responsible for the absene of a term
linear in k in the denominators of (??) and (??). This symmetry applies
also for oriented perolation, but there is no suh symmetry for the time
14 Gordon Slade
variable n and a term linear in (1  ) should appear. Thus we expet that
above the upper ritial dimension, i.e., for d+ 1 > 5,
^
(2)
z;
(k) =
C
3
D
2
3
k
2
+ 2
3=2
p
1  z + 2T
3
(1   )
+ error (6.4)
as (k; z; )! (0; 1; 1). An upper bound for (??) of the form (k
2
+ j1 j)
 1
was obtained for z = 1 in [?℄, for the nearest-neighbour model in suÆiently
high dimensions and for suÆiently spread-out models when d+1 > 5. This
is onsistent with (??).
Apart from onstants, the form of (??) is idential to the generating
funtion C
(2)
z;
(k) dened in (??). As in (??), if (??) aurately aptures
the behaviour of the two-point funtion, as N !1 we would have
^
(2)
((kD
 1
3
N
 1=4
; btT
3
N
1=2
);N)  C
3
T
 1
3
1
p
8N
^a
(2)
(k; t): (6.5)
This suggests ISE as the saling limit, when time and spae are saled re-
spetively by N
 1=2
and N
 1=4
. The ISE time variable orresponds simply
to the diretion of orientation.
Consider now the limit in whih the luster size N is summed over
rather than xed, with n !1 and spae saled by n
 1=2
. Summing over
N removes any onditioning on the luster size, so SBM beomes relevant
as the saling limit, rather than ISE. Aording to the above piture, we
an expet that
^
(2)
1;
(k) =
C
3
D
2
3
k
2
+ 2T
3
(1   )
+ error: (6.6)
As in (??), with suÆient ontrol on the error (??) implies
2C
 1
3
T
3
lim
n!1
1
X
N=1
^
(2)
((kT
1=2
3
D
 1
3
n
 1=2
; btn);N) = e
 k
2
t=2
: (6.7)
In fat, (??){(??) were proven in [?℄ for the nearest-neighbour model in
suÆiently high dimensions and for suÆiently spread-out models when
d + 1 > 5. Work is in progress with Derbez and van der Hofstad to prove
a orresponding result for higher-order onnetivity funtions, to obtain
a stronger statement of onvergene to SBM. This work in progress is
based on the indutive method of [?℄, whih bypasses the use of generating
funtions and the diÆulties assoiated with their inversion.
The above piture relating SBM and oriented perolation an be on-
trasted with the results of [?℄ (see also [?℄). In [?℄, it is shown that SBM
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arises as the saling limit of a ritial ontat proess for d  2. The
saling limit of [?℄ is for the innitely spread-out ontat proess, in the
limit L!1 (sometimes alled the Ka limit). This is a mean-eld limit,
for whih the non-gaussian behaviour expeted below d+ 1 = 5 when L is
nite is no longer relevant.
7 The lae expansion
The method of proof of the above results is based on the lae expansion,
whih was rst introdued in [?℄ in the ontext of self-avoiding walks. Re-
views of work on the lae expansion prior to the work desribed in this
paper an be found in [?, ?℄. The extensions required to prove the results
of Setions ?? and ?? make use of a double lae expansion and it is beyond
the sope of this paper to indiate any details. Details an be found in
[?, ?, ?℄.
A Proof of Corollary ??
In this appendix, we show how Corollary ?? follows from Theorem ??.
The orollary follows in a straightforward way via [?, Lemma 2.4.1(b)℄,
whih asserts that weak onvergene of moment measures implies weak
onvergene of random probability measures (on a ompat set). However,
there is one subtlety. This point was overlooked in [?, ?℄, and we take this
opportunity to larify it.
For l  1, let s
(l+1)
n
(x
1
; : : : ; x
l
) denote the number of n-bond lattie
trees ontaining the lattie sites 0; x
1
; : : : ; x
l
. To abbreviate the notation,
we will write ~x = (x
1
; : : : ; x
l
). The l
th
moment measure M
(l)
n
of 
n
is the
deterministi probability measure on R
dl
whih plaes mass
r
(l+1)
n
(~x) =
1
(n+ 1)
l
1
t
(1)
n
s
(l+1)
n
(~x) (A.1)
at ~xD
 1
2
n
 1=4
, for ~x 2 Z
dl
. The harateristi funtion
^
M
(l)
n
(k) of M
(l)
n
is
given by
^
M
(l)
n
(
~
k) = ^r
(l+1)
n
(
~
kD
 1
2
n
 1=4
); (A.2)
where, writing
~
k = (k
1
; : : : ; k
l
) and
~
k  ~x = k
1
 x
1
+   + k
l
 x
l
,
^r
(l+1)
n
(
~
k) =
X
~x
r
(l+1)
n
(~x)e
i
~
k~x
: (A.3)
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Sine ^s
(l+1)
n
(
~
0) = (n+ 1)
l
t
(1)
n
, we have
^
M
(l)
n
(
~
k) =
^s
(l+1)
n
(
~
kD
 1
1
n
 1=4
)
^s
(l+1)
n
(
~
0)
: (A.4)
To prove onvergene of the moment measures of 
n
to those of ISE, it
suÆes to show that, for eah l  1,
^
M
(l)
n
(k) onverges to the harateris-
ti funtion
^
M
(l)
(k) of the orresponding ISE moment measure desribed
under (??). For l = 1, this is an immediate onsequene of (??) and
Theorem ??, sine ^s
(2)
n
(k) =
^
t
(2)
n
(k) and
^
M
(1)
(k) =
^
A
(2)
(k). Similarly,
for l = 2, there is a unique shape and ^s
(3)
n
(k
1
; k
2
) =
^
t
(3)
n
(k
1
+ k
2
; k
1
; k
2
).
Sine
^
M
(2)
(k
1
; k
2
) =
R
A
(3)
(y; x
1
  y; x
2
  y)e
ik
1
x
1
e
ik
2
x
2
d
d
yd
d
x
1
d
d
x
2
=
^
A
(3)
(k
1
+ k
2
; k
1
; k
2
), onvergene of the seond moments follows diretly
from Theorem ??.
The onvergene of the third and higher moments follows similarly,
apart from one detail. For l  3, there is more than one shape, and
^
M
(l)
(
~
k) =
X
2
l+1
^
A
(l+1)
(;
~
k) (A.5)
with eah of the 2l  1 omponents of
~
k given by a spei linear ombina-
tion (depending on ) of the l omponents of
~
k. For example, for l = 3 and
the shape 
1
of Figure ??, (
1
;
~
k) = (
1
; k
1
+k
2
+k
3
; k
1
; k
2
+k
3
; k
2
; k
3
). If it
were the ase that ^s
(l+1)
n
(
~
k) were equal to
P
2
l+1
^
t
(l+1)
n
(;
~
k), onvergene
of all moments would be immediate sine Theorem ?? implies that
lim
n!1
P
2
l+1
^
t
(l+1)
n
(;
~
kD
 1
1
n
 1=4
)
P
2
l+1
^
t
(l+1)
n
(;
~
0)
=
X
2
l+1
^
A
(l+1)
(;
~
k): (A.6)
But ^s
(l+1)
n
(
~
k) is not equal to
P
2
l+1
^
t
(l+1)
n
(;
~
k), beause it is not the ase
that s
(l+1)
n
(~x) is equal to the sum of t
(l+1)
n
(; ~y) over all (; ~y) that are
onsistent with ~x in the sense that the x
i
are given by the sum of the y
j
as
presribed by the shape . The disrepany arises from degenerate lattie
tree ongurations, ontaining sites x
1
; : : : ; x
l
, whih an orrespond to
more than one hoie of (; ~y). These ongurations an only our when
l  3 and at least one y
j
is zero.
For example, there is a unique 1-bond lattie tree ontaining 0 and the
site e
1
= (1; 0; : : : ; 0), and hene s
(4)
1
(0; 0; e
1
) = 1. However, this lattie
tree ontaining the sites x
1
= x
2
= 0, x
3
= e
1
ontributes to eah of
t
(4)
1
(
1
; 0; 0; 0; 0; e
1
), t
(4)
1
(
2
; 0; 0; 0; 0; e
1
) and t
(4)
1
(
3
; 0; e
1
; 0; 0; 0). See Fig-
ure ??. Thus it is not the ase, in general, that s
(l+1)
n
(~x) is given by the
Lattie trees, perolation and super-Brownian motion 17
sum of t
(l+1)
n
(; ~y) over all orresponding (; ~y). The assertion of [?, (3.4)℄
and [?, (1.11)℄ that
P
2
l+1
^
t
(l+1)
n
(;
~
0) equals (n+1)
l
t
(1)
n
impliitly assumed
uniqueness of (; ~y) and is inorret for l  3. This false assertion was not
needed in [?, ?℄, as it an be replaed by [?, (2.14)-(2.15)℄ with
~
k =
~
0 (i.e.,
(??) above) and [?, (1.12)℄ to onlude that
X
2
l+1
^
t
(l+1)
n
(;
~
0)  
1
n
l 3=2
z
 n

 (n+ 1)
l
t
(1)
n
; (A.7)
whih is suÆient for [?, ?℄. The degenerate ases appear in error terms to
(??) and do not aet the leading behaviour.
In view of (??){(??), to prove onvergene of the l
th
moments, for l  3,
it suÆes to show that






^s
(l+1)
n
(
~
k) 
X
2
l+1
^
t
(l+1)
n
(;
~
k)






 O(n
l 2
z
 n

): (A.8)
This dierene then onstitutes an error term, down by n
 1=2
ompared
to ^s
(l+1)
n
(
~
k), by Theorem ??. The remainder of the proof is devoted to
obtaining (??).
Let l  3, and reall the denition of ompatibility above (??). If the
bakbone of (T ; 0; x
1
; : : : ; x
l
) omprises 2l 1 nontrivial paths (eah having
length greater than zero), then ~x indues a labelling of the external verties
of an (l + 1)-skeleton and there is therefore a unique ompatible (; ~y;~s).
Whether or not the bakbone omprises 2l   1 nontrivial paths, given
(; ~y;~s) ompatible with the bakbone, the 2l  1 bakbone displaements
~y and their lengths ~s (possibly zero) are uniquely determined by  and
(T ; 0; x
1
; : : : ; x
l
). Nonuniqueness of (; ~y;~s) thus requires at least one of the
bakbone paths to be trivial, and, in suh a degenerate ase, the maximum
possible number of ompatible hoies for (; ~y;~s) is the number of shapes,
whih is (2l  3)!!. Let u
(l+1)
n
(~x) denote the number of n-bond lattie trees
for whih eah of the 2l   1 bakbone paths is nontrivial, and let e
(l+1)
n
(~x)
denote the number of n-bond lattie trees for whih at least one bakbone
path has a zero displaement. Then s
(l+1)
n
(~x) = u
(l+1)
n
(~x) + e
(l+1)
n
(~x), and,
for l  3,






^s
(l+1)
n
(
~
k) 
X
2
l+1
^
t
(l+1)
n
(;
~
k)






 [(2l  3)!!  1℄^e
(l+1)
n
(
~
0): (A.9)
It suÆes to argue that the right side of (??) is at most O(n
l 2
z
 n

).
For this, we introdue the generating funtion E
(l+1)
(z) =
P
n
^e
(l+1)
n
(
~
0)z
n
.
Let (z) =
P
x
G
(2)
z
(x). It an be shown using standard bounds that
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jE
(l+1)
(z)j  O((jzj)
2l 2
), where the power 2l   2 arises beause at least
one of the 2l   1 bakbone paths is trivial. Using the methods of [?℄, this
an be rened to jE
(l+1)
(z)j  O(j(z)j
3
(jzj)
2l 5
), uniform in jzj < z

. It
follows from [?, (1.12)℄ that jE
(l+1)
(z)j  O(j1 z=z

j
 3=2
(1 jzj=z

)
 l+5=2
).
Then [?, Lemma 3.2(i)℄ implies the desired bound ^e
(l+1)
n
(
~
0)  O(n
l 2
z
 n

).
2
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